The Huygens-Fresnel diffraction integral has been formulated for incident spherical waves with use of the Kirchhoff obliquity factor and the wave front as the surface of integration instead of the aperture plane. Accurate numerical integration calculations were used to investigate very-near-field (a few aperture diameters or less) diffraction for the well-established case of a circular aperture. It is shown that the classical aperture-plane formulation degenerates when the wave front, as truncated at the aperture, has any degree of curvature to it, whereas the wave-front formulation produces accurate results from up to one aperture diameter behind the aperture plane. It is also shown that the Huygens-Fresnel-Kirchhoff incident-plane-wave-aperture-plane-integration and incident-spherical-wave-wave-front-integration formulations produce equally accurate results for apertures with exit f-numbers as small as 1.
INTRODUCTION
In theory, the classical Huygens-Fresnel principle must use the wave front as a reference for calculations of propagation and diffraction interference." 2 However, in studies of diffracting apertures, practical application of this principle has nearly always resulted in the use of the aperture plane as the plane of integration. Examples of this dominate the related journal and textbook literature. 3 -" Strictly speaking, this assumption is correct only if the incident wave is planar andis propagating parallel to the optic axis. For a nonplanar incident wave propagating along the optic axis, assuming that the wave front, at the aperture, lies nearly in the aperture plane is a good approximation for calculating diffraction fields in most of the region beyond the aperture. In the Kirchhoff and the Rayleigh-Sommerfeld theories of diffraction, line or surface integration in the aperture plane is used. ' 2 The aperture plane of integration is also used in Fourier-transform and linear systems-convolution diffraction theory.13"1 4 It is believed that this simplification is used in part because of the complexity of the integrals involved in an integration across the wave front. However, the primary reason for the use of this simplifying assumption is probably the lack of the realization that it is being used. In contrast, examples of well-known simplifying assumptions include approximating the obliquity factor as equal to 1 and retaining the first two terms of the binomial expansion of the square-root term that defines the propagation distance from the integration plane to the observation plane (the wellknown Fresnel approximation). The purpose of this research was twofold: (1) to investigate the limit of accurate prediction for near-field Fresnel diffraction by using Huygens-Fresnel diffraction theory in the strictest form (with no assumptions other than those concomitant with scalar wave theory), including integrating across a circular-aperture truncated spherical wave front, and (2) to investigate the improvements realized in diffraction patterns calculated by using this approach as compared with the aperture-planeintegration formulation. It is in this near-field region that the wave-front curvature, in conjunction with the obliquity factor, has the potential to improve the predictive capability of the theory.
There appears to be little published literature in this specific area. In related literature, the classical Huygens-Fresnel principle has been applied strictly in studies of Fresnel zones and Fresnel-zone plates or lenses in which the curvature of the spherical wave front is essential to the analysis. 2 "1 5 The error introduced by the Fresnel approximation has been investigated for circular apertures131 6 as well as for rectangular apertures.' 7 Southwell' 6 claimed that the Fresnel approximation begins to break down for spherical wave propagation for beams faster than f/12. Circular apertures were chosen for the investigation described in the present paper because the diffraction patterns for low Fresnel numbers are well established by agreement between theoretical and experimental results.9-11 This choice permitted the generation of a set of reference solutions, which are described below in the Investigation and Discussion section, that could be verified by the results of this previous research. These reference solutions were used to detect degeneration in the diffraction patterns that is due to differing approximations in the formulation, concentrating on those approximations related to wave-front curvature. In the case of the Fresnel diffraction region, it is well known that the scalar HuygensFresnel theory produces inaccurate results as the aperture is approached and/or as the aperture size approaches the wavelength of the light. However, these regions are seldom well defined because of the analytical intractability of the functions that describe diffraction field solutions. Often, quantitative information about the applicability of the theory can be derived only through numerical calculations, as is done in this paper. Figure 1 shows the geometric configuration for the usual Huygens-Fresnel-Kirchhoff diffraction integral formula- tion for a spherical wave diffracted by a circular aperture, using aperture-plane integration. The formulation is well established 2 and is repeated here for comparison with the wave-front-integration formulation. The appropriate integral for calculation of the wave amplitude at a point in the observation plane is
FORMULATION
in which
E 0 is the emission amplitude at point S, and X is the wavelength of light; the other parameters are as depicted in Fig. 1 . In Eq. (1), as with all formulations described in this paper, the obliquity factor, -(i/2X)(1 + cos 0'), as derived from the Fresnel-Kirchhoff diffraction formulation for spherical waves1 5 has been used. The associated equation for determining the Fresnel number, Fr, can be derived easily by using the geometry of Fig. 1 to define the optical path difference between S to 0 to 0' and S to the aperture edge to 0', in terms of multiples of X/2, to give in which
and the other parameters are as defined in Fig. 2 or as defined earlier in this section. Equation (3) was derived in a manner analogous to the derivation of Eq. (1) except that the wave front at the aperture and truncated by the aperture is the surface of integration. Note the simplification in the exponential term (see the definition of C) that results from this formulation, owing to the fact that the phase at the wave front, which is also the surface of integration, is constant. In this case, the Fresnel-number equation was derived by using the Fresnel-zone-area approach. The surface area, Al, of the Ith Fresnel zone on the surface of a spherical wave front can be shown to be 2
The total surface area, Al, of the portion of the spherical wave truncated at the aperture is (see any standard mathematics book)
Thus, as in the usual definition, Fr is a measure of the multiples of /2 or half-period zones resulting from this path-length difference. Illustrated in Fig. 2 is the geometric configuration used for the Huygens-Fresnel-Kirchhoff spherical-wave-front formulation for a spherical wave diffracted by a circular aperture, resulting in the following equation for the wave amplitude at a point in the observation plane: Using Eq. (6) Apz' X P Z'J (10) Equation (10) describes the relationship that has been used so widely for calculating Fresnel numbers for spherical waves impinging upon a circular aperture. 2 It is generally accepted that this expression is valid until the Fresnel number becomes large.
2 ' 2 0 However, results presented below reveal that this expression can produce a large error in the near field even for Fresnel numbers <10. Equation (10) can be reduced to the case of an incident plane wave by letting p approach -, producing the well-known expression Fr = a 2 (11) "10' 11 2 0 were below this level profiles are used to support the claims of relative performance of the 0.00001 visually and numerically theoretical formulations and approximations examined beaccurate low. This paper is concerned not with efficient computational procedures but rather with proper theoretical formulation for diffraction field calculations. As such, Eqs. (1) and (3) were integrated numerically by using Gaussian quadrature with Nt terms in each of Nb radial regions in r 0.000001 was sufficient to achieve this convergence. The observa- the small laboratory laser and the rapid maturation of photodiode and charge-coupled-device technologies, detailed quantitative measurements are now possible.
9 ""1, 20 "2 However, the common use of lasers has also meant that a spatially filtered collimated laser beam is normally used to produce nearly planar incident waves, with a focusing lens often being used before or after the aperture to compress the Fresnel diffraction region into a workable space in the laboratory. 9 '., 20 For this reason, Fresnel diffraction fields produced by a plane wave incident upon a circular aperture, for a range of Fr values, were used here as standard reference cases 8 "1 0 "'1 that the incident-spherical-wave calculations could be compared with for accuracy.
A set of 20 cases was used to establish the initial or base solutions for a plane wave incident upon a circular aperture, using Eq. (1). These cases are summarized in Table 2 . The plane wave was simulated by setting z = 1000.0 m. Diffrac- tion-plane light intensity was calculated and normalized by using the relationship
where Ep* is the complex conjugate of Ep and Imax is the maximum intensity, (1/2)EpEpmax*, calculated for any point in the observation field. Since the field is axisymmetric, 201 points from r' = 0.0 to r = rf = 1.6a and for bp' = 0 were calculated as a representative cross section of the field intensity. All calculations were done with a dual-processor Cray XMP/24 computer. Solution times were 4-6 min per case.
Before the emergence of photodetector and charge-coupled-device technology, diffraction fields were studied qualitatively by using photographic methods. 8 
"
9 The photographs by Harris' 8 were made by using arc lamps as a light source, which would generate spherical waves. No quantitative diffraction field measurements that used spherical waves have been found. As a result of the proliferation of tion fields for even Fresnel numbers from 2 to 10 were calculated by two different methods. In the first method fixed values of Fr, a, z, and X were used, and z' was calculated from Eq. (10). Note that z' is a few to a few thousand times X behind the aperture and that the aperture diameter is within the range 20-160X so that these fields are in the very near Fresnel diffraction region and close to the limit of applicability for scalar diffraction theory. The fifth column of Table 2 lists I at the center of the diffraction field. This parameter is one of the primary indicators that the diffraction theory is degenerating, as this number should always be zero. Even Fresnel numbers were chosen for all the test cases so that this indicator could be used. The sixth column of Table 2 is the exiting f-number defined as the ratio of z' to the aperture diameter. Figure 3 The 20 cases described in Table 2 were recalculated for the case of an incident spherical wave, with z = 0.01 m, as reported in Table 3 . Equation (2) was used to calculate z'. The entrance f-number, defined as the ratio of z to the aperture diameter, and the f-number, are reported. There appears to be no correlation of the performance of the aperture-plane formulation with the f-number. However, the results show severe degeneration in I,(r' = 0) for decreasing f-number. The parameter ha is the distance from the aperture plane to the intersection of the spherical wave front and the optic axis at the point of wave truncation by the aperture [i.e., ha = p(l -cos 01)]. The quotient ha/a is equal to the tangent of the angle from the aperture edge to this intersection point or nearly equal to the angle itself for these small angles. This is a measure of wave-front protrusion through the aperture plane. Therefore this quotient will be referred to as the wave-front protrusion angle. The aperture-plane formulation degenerates rapidly as this wave-front protrusion increases and as the Fresnel number increases. Note that increasing the Fresnel number also decreases z' for a fixed aperture radius. This in effect increases the magnitude and the variation of 0', the obliquity angle. Table 3 . These figures illustrate the severe degeneration in the intensity profiles for the largest apertures (these have the largest ha/a values).
If the degeneration in the diffraction intensity profiles is indeed due to the wave-front protrusion through the aperture, then the wave-front formulation should correct this error. In fact, the results obtained by using the wave-front formulation should then closely reproduce those of column 8 of Table 2 for the incident-plane-wave case in terms of In(r' = 0) values. Table 4 , in which the results for these 20 cases as obtained by using the wave-front formulation are reported, shows that this is true. The diffraction field intensity profiles of Figs The parameter z' is defined as the distance from the optic axis point of aperture-plane or wave-front integration to the axis point in the observation plane (Figs. 1 and 2 ). In the case of the wave-front formulation, the circular aperture is a distance ha farther away from the observation plane than for the aperture-plane formulation. As the wave-front protrusion through the aperture becomes significant for the wavefront formulation, the scale of the diffraction pattern in the observation plane changes by the ratio of z' + ha for the wave-front formulation to z' calculated for an incident plane wave. This scale factor is defined as Sf = (z,' + ha)/ZPX (13) in which z,' was calculated from Eq. (9) and zp' was calculated from Eq. (11) . Values of Sf are listed in Table 4 also. This parameter indicates simply that, when the distance from the aperture to the observation plane changes owing to wave-front protrusion, the scale of the diffraction pattern changes. This parameter also provides an indication of the accuracy limit of the theory, for as S becomes significantly less than 1.0, the diffraction profiles become inaccurate.
Close examination of the wave-front formulation reveals that it corrects for two errors that are present in the aperture-plane formulation. The first is the precise optical path length from the source point to an observation-plane point that is due to the Huygens-principle secondary sources' being located on the wave front instead of in the aperture plane. Note, however, that the optical path length from the source to the aperture edge to the center of the observation plane should be identical if the problem is defined equivalently for the two different formulations. In actuality, the small differences in z' values for the respective cases de- scribed in Tables 3 and 4 result from using z = 0.01 for the aperture-plane formulation versus p = 0.01 for the wavefront formulation. To be exactly equivalent, R at r = a of the aperture-plane formulation should have been set equal to p of the wave-front formulation. However, these differences are very small, 0.00125%, referenced to either z or p, thus making the cases described in Tables 3 and 4 nearly identical. The second error is due to the change and variation of the obliquity factor relative to either the aperture plane or the wave front; the latter approach has been shown to be the correct one. This also brings up the question of whether a more sophisticated form of the obliquity factor derived from a more detailed theory would extend this Huy- Aperture radius, a (jim) Fig. 9 . Percent error in Fresnel number calculated by using z' values from Table 4 in Eq. (10) versus aperture radius for even Fresnel numbers from 2 to 10 with p = 0.01 m, X = 0.6328 m.
gens-Fresnel-Kirchhoff wave-front formulation even further. This possibility was not investigated in this research. Finally, it is interesting to calculate the error introduced into the determination of the true value of the Fresnel number by using the correct values of z' from Table 4 in the relationship normally used for calculation of Fr [Eq. (10) ]. The results of such calculations are plotted in Fig. 9 , which shows that this error increases rapidly in the near-field diffraction region as the circular-aperture radius decreases for a fixed Fresnel number or as the true Fresnel number increases for a fixed aperture radius.
SUMMARY AND CONCLUSIONS
A comparison of two different Huygens-Fresnel-Kirchhoff diffraction formulations for spherical waves incident upon a circular aperture was made, using the aperture plane as the integration surface for one and using the wave front truncated at the aperture as the integration surface for the other. The region of primary concern was the very near-field region of diffraction beyond a circular aperture. It was shown that the wave-front formulation produces results for spherical waves incident upon a circular aperture that are comparable with the results obtained for the aperture-plane formulation when the incident wave is planar. The aperture-plane formulation degenerates prematurely when spherical waves incident upon the aperture are considered with decreasing spherical-wave radius at the aperture, increasing aperture radius, and increasing Fresnel number. This degeneration was found to be caused by two errors that become significant when there is significant protrusion of the aperture-truncated spherical wave front beyond the aperture plane:
1. The first error is due to the optical path length's not following the proper trajectory to the wave front and then to the observation plane as required by Huygens's principle. This error is most significant between the optic axis and the edge of the aperture. At the optic axis and at the edge of the aperture this error decreases to zero. For this treatment it is assumed that the problems are defined equivalently for the two formulations, with R at r = a of Fig. 2 equal to p of Fig. 2. 2. The second error is due to the incorrect obliquity angle's being calculated relative to the surface of integration. Huygens's principle defines this surface of integration as the wave front. As long as the incident wave at the aperture shows little curvature or protrusion through the aperture, aperture-plane-integration results show no premature degeneration. However, when this curvature or protrusion becomes significant, the proper surface of integration is the wave front at the aperture as truncated by the aperture.
It was found that wave-front integration should be used when the wave-front protrusion angle, ha/a (see Table 4 ), is larger than 0.001 rad. Furthermore, it was found that this wave-front formulation degenerates for incident spherical waves at the same point that the aperture-plane formulation degenerates for incident planar waves, i.e., when the exiting f-number is <1.0 (see Tables 2 and 4 ).
It was determined that for even Fresnel numbers the failure of the theoretical predictions to produce the proper diffraction patterns could in all cases be detected by checking the magnitude of the diffraction field intensity in the center of the observation plane, In(r' = 0), which should be zero. Values of this parameter of <0.001 indicated that the accuracy of the calculated diffraction patterns was at least 3-5 decimal places. This result suggests that, in general, the accuracy of calculated diffraction patterns could be checked by calculating I,(r' = 0) for the nearest even Fresnel number.
The specific relationships used for determining the Fresnel number were also shown to be important in this nearfield region. The usual relationship used for spherical waves as defined by Eq. (10) was shown to produce significant error in this region of diffraction, even for low Fresnel numbers (<10). The exact relationships for determining the Fresnel number for the aperture-plane and wave-front formulations were derived and are summarized in Table 1 .
Research in which the Huygens-Fresnel-Kirchhoff wavefront diffraction integral has been formulated for the classical (paraxial) 22 and exact 23 scalar wave solutions for a Gaussian laser beam incident upon a circular aperture has also been completed. 2 4 This research addresses laser-beam wave-front-curvature effects for various distances from the laser-beam waist and for various levels of beam truncation by a circular aperture by means of an analogous comparison of aperture-plane and wave-front formulations. The conditions under which the wave-front formulation produces more accurate results and thus should be used instead of the aperture-plane formulation have also been defined. As would be expected, these conditions differ somewhat from those for spherical waves. Current research by this author includes the addition of a focusing lens to these HuygensFresnel-Kirchhoff spherical-wave-front and Gaussian-laser-beam-wave-front formulations, which will be described in papers submitted for publication in the future.
The above conclusions have more-extensive implications than have been discussed to this point. Since the proper integration surface is the aperture-truncated wave front, Fourier-transform and linear-systems-convolution techniques suffer from the same deficiences as long as the aperture plane is used as the plane of integration. This is also true for the Kirchhoff and Rayleigh-Sommerfeld formulations, since integration is applied across the aperture plane as part of the surface integral. 12 These formulations could be modified so as to use the circular-aperture-truncated wave front as part of the surface of integration. Sphericalwave-front truncation before but close to a circular aperture was formulated conceptually by means of the FresnelKirchhoff diffraction formulation,' 5 but subsequent simplifications resulted in the use of the aperture plane as part of the surface of integration. This problem is exacerbated further by the fact that wave-front curvature is eliminated or altered in experimental measurements by means of spatial filtering and beam collimation or focusing lenses, as is mentioned above. These procedures eliminate or mask true wave-front-curvature effects. Furthermore, when noncircular apertures are considered or when the incident direction of the wave is not along the optic axis (perpendicular to aperture plane), the impinging spherical or nonplanar wave is not truncated uniformly by the aperture boundary, leaving an undefinable surface of integration for all these methods. Therefore one of the possible methods to follow the wave accurately in the region near the aperture is to solve the scalar wave equation and track the wave as it impinges, possibly nonuniformly, upon and propagates through the aperture. Numerical solutions to the scalar-wave equation have in fact been used for many years for diffraction calcualtions, but not in this specific context. 2 023 This approach should be superior to any of the methods based on the Huygens-Fresnel principle when applied to nonplanar wave fronts and arbitrarily shaped apertures. The only limitation of such a generalized scalar-wave-equation solution for tracking the actual wave front would be that of the scalarwave theory in general, i.e., if the aperture dimensions are much larger than the wavelength of light being considered, so that aperture edge effects can be neglected, and the absence of significant polarization effects. This approach should therefore also be superior to any of the Fouriertransform and linear-systems-convolution techniques in which the aperture plane is used as the plane of integration when nonplanar or off-optic-axis incident waves are being considered. Future research will be focused on developing a numerical solution to the scalar-wave equation for such generalized diffraction calculations. The statement to which Felsen objected 1 in the Introduction of my paper 2 was made on the basis of the first paragraph in the second column of p. 753 of his 1976 paper on evanescent waves, 3 and it referred only to the interpretation given to complex rays by some authors. Nowhere in either of my papers 2 4 did I state or imply that Felsen disagrees with the concept of complex-source-point theory, and I regret that he perceived that I had done so. Indeed, I am well aware of Felsen's many contributions to this body of work; however, I did not cite this earlier literature at length for two reasons. First, the amount of research into complex-source-point theory is quite extensive, and I did not believe that either paper was the proper place for a literature survey. Second, I believe that these new wave functions differ significantly enough from complex-source-point wave functions that an exhaustive citation of research on the latter was not called for.
In my opinion, the central difficulty with complex-sourcepoint wave functions rests with the radical in the argument of the exponent. In order to retrieve phase and amplitude information from this representation, the square-root term must be evaluated in some fashion. The usual procedure is to use the binomial expansion and then to approximate the wave function expression by eliminating the higher-order terms. This maneuver results in the limitation of the validity of the wave function to the paraxial region. The other method of removing the radical consists of resolving the complex number into magnitude and phase terms. Unfortunately, this manipulation leads to an expression that has no simple interpretation.
In contrast, the wave functions that Barrett and I introduced are not hampered by a radical in the argument of the exponent, and, because of this, the phase and the amplitude are readily available and easily interpreted. Furthermore, this simple result is not limited to the paraxial region. Indeed, there are no approximations in this wave function at all, whereas the paraxial approximation is almost unavoidable in the complex-source-point case. Finally, although in Refs. 2 and 4 wave functions were presented that are solutions to the scalar wave equation, there is nothing implicit in either the physics or the mathematics that prohibits expansion of these wave functions to solutions of the vector wave equation. This subject is left for future research.
We now have two wave functions, both of which are exact solutions to the scalar Helmholtz equation, that can be used to represent Gaussian amplitude functions. The complexsource-point wave function must sacrifice exactitude in favor of an accessible interpretation. In contrast, the new wave functions possess a simple and powerful interpretation while remaining free of approximations. We can debate the meaning of "exact" ad infinitum, but let the resolution rest with physical interpretation. As Felsen pointed out, he has been concerned with interpretation of results in real coordinate space, and this is precisely the thrust of Ref. 2 . I believe that the geometrical representation given in that paper provides a better understanding of the physical nature of Gaussian amplitude beams, one that does not rely on the nonintuitive concept of complex point sources or complex rays.
